We propose a new generator of univariate continuous distributions with two extra parameters called the transmuted odd-Lindley generator which extends the odd Lindely-G family introduced by Gomes-Silva et al. [1] . Some mathematical properties of the new generator such as, the ordinary and incomplete moments, generating function, stress strength model, Rényi entropy, probability weighted moments and order statistics are investigated. Certain characterisations of the proposed family are estimated. We discuss the maximum likelihood estimates and the observed information matrix for the model parameters. The potentiality of the new family is illustrated by means of five applications to real data sets.
INTRODUCTION
In recent years, statisticians have proposed new generated families of the univariate distributions. These new generators are obtained by adding one or more extra shape parameters to the baseline distribution to obtain more flexibility in fitting data in different areas such as medical sciences, economics, finance and environmental sciences. Some of the well-known generated families are the following: Marshall-Olkin-G family by Marshall and Olkin [2] , exponentiated-G by Gupta et al. [3] , beta-G by Eugene et al. [4] , Kumaraswamy-G by Cordeiro and de Castro [5] , McDonald-G by Alexander et al. [6] , logistic-G by Torabi and Montazari [7] , Lomax-G by Cordeiro et al. [8] , Kumaraswamy Marshall-Olkin-G by Alizadeh et al. [9] , odd-Burr generalised-G by Alizadeh et al. [10] , beta weibull-G by Yousof et al. [11] , generalised odd generalised exponential family by Alizadeh et al. [12] , beta transmuted-H family by Afify et al. [13] , Topp-Leone odd loglogistic family by Brito et al. [14] and Type I general exponential class of distributions by Hamedani et al. [15] , among others. 
respectively, where,
1,
  is a shape parameter and  is the vector of parameters for the baseline cdf ( ; ).
H x  The T-G density is a mixture of the baseline density and the exponentiated-G (Exp-G) density with power parameter two. If 0,   then the T-G density reduces to the baseline density. Gomes-Silva et al. [1] defined the odd Lindely-G (OL-G) family of distributions with cdf and pdf given by ( ; ) ( ; ) ( ; ) 1 exp , 0, , (1 ) ( ; ) ( ; ) 
G x  and ( ; ) g x  are
given cdf and pdf depend on vector parameter . 
The goal of this study is to introduce a new class of continuous distributions called the transmuted odd Lindley-G (TOL-G) family in view of the T-G and OL-G families and study some of its statistical properties. The cdf and pdf of the TOL-G family are given, respectively, by 
Henceforth, a random variable with density (6) is denoted by 
TOL-G( , , ). X   
The motivation of the proposed family is to derive a new extension of the OL-G family by inducting two additional shape parameters with an aim of (1) to produce a skewness for symmetrical models, (2) to define special models with all types of hazard rate function, (3) to construct heavy-tailed distributions for modelling various real data sets, and (4) to provide consistently better fits than other generated distributions with the same underlying model. The rest of this paper is outlined as follows: In Section 2, linear representation of the TOL-G family is discussed. Three special sub-models corresponding to the TOL-G family are presented in Section 3. In Section 4, some mathematical properties of the TOL-G family are investigated. Certain characterisations of the new family are presented. in Section 5. In Section 6, the maximum likelihood estimates are derived for the parameters of the TOL-G family in complete and censored samples. A simulation study is conducted in Section 7. In Section 8, five applications for the TOL-G are presented. Some concluding remarks are given in the last Section.
USEFUL EXPANSIONS
In this section, we introduce a useful representation for the TOL-G pdf and cdf.
The pdf given in (6) can be written as:
The plots of the density and hazard functions are displayed in Fig. 1 . 
The TOL-Lomax (TOLLx) Model
Consider the cdf and pdf of the Lomax distribution
Then, the cdf and pdf of TOLLx are given, respectively, by
(
The plots of the density and hazard functions are given in Fig. 2 . 
respectively. Then, the cdf and pdf of TOLFr are given, respectively, by 
The plots of the density and hazard functions are given in Fig. 3 . 
MATHEMATICAL PROPERTIES
This section deals with some mathematical properties of the TOL-G family such as: quantile function, ordinary and incomplete moments, generating function, Rényi entropy, probability weighted moment, Lorenz and Bonferroni curves, stress strength model and order statistics.
Quantile Function
The quantile function of the TOL-G family, say
the solution of the non-linear equation 
Ordinary, Incomplete Moments and Generating Function
Let X be a random variable with TOL-G distribution, then the ordinary moment, say , r  is given by
where, 
The cumulants of
where,
where, , ( ) ( ) .
Similarly, the probability generating function say,
Probability Weighted Moments
The PWM criterion can be constructed for estimating the model parameters of that distribution whose inverse form cannot be expressed in an explicit form. The PWM are expectation of certain functions of a random variable and they can be defined for any random variable whose raw moments exist. 
Rényi Entropy
The concept of entropy has been applied in different areas such as statistics, queuing theory and reliability estimation. The Rényi entropy is defined as
Consequently, the Rényi entropy for the TOL-G family is given by
Lorenz and Bonferroni Curves
The Lorenz and Bonferroni curves have been used in different areas such as reliability, economics, demography, insurance and medicine. The Lorenz ( ) 
Therefore, these quantities for the TOL-G distribution are given below
Stress Strength Model
The stress strength model is a common criterion used in different applications in physics and engineering such as strength failure and system collapse. Let 1 X and 2 X be two independent random variables with    distributions. Then, the stress strength model is given by
Using (5) and (6), we have
,
.
Therefore, the stress strength model is given below
Order Statistics
Order statistics play an important role in probability and statistics. Let 1, 2: :
,... 
 is the beta function. Substitution from (5) and (6) 
Furthermore, the th r moment of the th k order statistic for the TOL-G family is given by
where, , ,
CHARACTERISATIONS RESULTS
This section is devoted to the characterizations of the TOL-G distribution in different directions: (i) based on the ratio of two truncated moments;
(ii) in terms of the hazard function; (iii) in terms of the reverse hazard function. Note that (i) can be employed also when the cdf does not have a closed form. We would also like to mention that due to the nature of TOL-G distribution, our characterizations may be the only possible ones. We present our characterizations (i)-(iii) in three subsections.
Characterizations Based on Two Truncated Moments
This subsection is devoted to the characterizations of TOL-G distribution based on the ratio of two truncated moments. Our first characterization employs a theorem due to Glanzel [17] 
for x . The random variable X has pdf (6) if and only if the function  defined in Theorem 1 is of the form
Proof. Suppose the random variable X has pdf
Conversely, if  is of the above form, then
Now, according to Theorem 1, X has density (6). 
Characterisation in Terms of Hazard Function
The hazard function,
, F h of a twice differentiable distribution function, , F satisfies the following first order differential equation 
If X has pdf (6), then clearly the above differential equation holds. If the differential equation holds, then
from which we arrive at the hazard function (7).
Characterizations in Terms of the Reverse Hazard Function
The reverse hazard function F r of a twice differentiable distribution function, , F is defined as
In this subsection we present a characterisation of TOL-G distribution in terms of the reverse hazard function. 
Proof. Is similar to that of Proposition 5.2.
MAXIMUM LIKELIHOOD ESTIMATION
This section discusses the maximum likelihood estimates (MLEs) of the parameters of the TOL-G family for complete and censored samples. ( , ) 2 log log 1 log ( , ) 3 log ( , ) ( , )
Maximum Likelihood Estimation in Complete Samples
The components of the score vector , ,
and
where, ( , ) ( , ) and ( , )
can be obtained by equating the system of nonlinear equations (25) through (27) to zero and solving them simultaneously. Clearly, if analytical solutions are not possible we use certain software Package. For the purposes of interval estimation and testing hypotheses for the vector of parameters ( , , )
whose elements are given in Appendix B.
Maximum Likelihood Estimation in Censored Samples
If the lifetime of the first r failed items 1 2 , ,..., r x x x have been observed, then the likelihood function under type-II censoring is given by
and A is a constant. Using (5) and (6) in (28), the loglikelihood function for the TOL-G family in censored samples is given by
The MLEs, say 
 
The MLEs are obtained by maximising the log-likelihood function in (24) using optim routine in R software.
Tables (1) and (2) Tables (1) and (2), we observe that Biases and MSEs decrease as sample size increases, MLEs tends close to the original values. The CP of the confidence intervals are quite close to the nominal level of 95 % so the MLEs and their asymptotic results can be used for estimating and constructing confidence intervals. 
APPLICATIONS
In this section, we introduce five application to real data to show the applicability of the TOL-G family in complete and censored samples. We focus on the TOLLx distribution introduced in Subsection 3.2.
Complete Data Sets
In this subsection, we provide four application for TOLLx distribution in complete (uncensored) data sets. The first data set from Ratan [18] and it contain 50 observations on burr (in the unit of millimeter), the diameter is 12 mm and the sheet thickness is 3.15 mm. 6.5, 5.31, 6.03, 6.39, 6.93, 5.85, 6.93, 7.74, 7.83, 6.12, 7.74, 8.91, 8.28, 6.84, 9.54, 10.26, 9.54, 8.73, 11.88, 12.06, 12.15, 8.91, 14.04, 12.96, 14. 85.
The third data corresponding to intervals in days between 109 successive coal-mining disasters in Great Britain, for the period (1875-1951) published by Maguire et al. [19] . The sorted data are given as follows : 1, 4, 4, 7, 11, 13, 15, 15, 17, 18, 19, 19, 20, 20, 22, 23, 28, 29, 31, 32, 36, 37, 47, 48, 49, 50, 54, 54, 55, 59, 59, 61, 61, 66, 72, 72, 75, 78, 78, 81, 93, 96, 99, 108, 113, 114, 120, 120, 120, 123, 124, 129, 131, 137, 145, 151, 156, 171, 176, 182, 188, 189, 195, 203, 208, 215, 217, 217, 217, 224, 228, 233, 255, 271, 275, 275, 275, 286, 291, 312, 312, 312, 315, 326, 326, 329, 330, 336, 338, 345, 348, 354, 361, 364, 369, 378, 390, 457, 467, 498, 517, 566, 644, 745, 871, 1312, 1357, 1613, 1630 .
The fourth data set consists of 50 observations, hole diameter and sheet thickness are 9 mm and 2 mm respectively from Ratan [18] . Hole diameter readings are taken on jobs with respect to one hole, selected and fixed as per a predetermined orientation. Tables (3-10) . (4), (5), (6) and (7). It is clear from Figs.  (4-7) , that the new TOLLx distribution provides the best fits to the four data sets.
Censored Data Set
In this subsection, we provide an application for Tables (11) and (12) . The values in Table 12 show that the TOLLx model has the lowest values for AIC and BIC. Then, the TOLLx distribution could be chosen as the best model within other competitive models. The estimated cdfs plots are displayed in Fig. 8 . It is clear from Fig. 8 , that the TOLLx distribution provides a better fit to the censored data as compared to other models.
CONCLUSION
We propose a new class of continuous distributions, called the transmuted odd Lindley-G (TOL-G) family by using the OL-G family as a parent distribution in the T-G class of distributions. We study the mathematical properties of the new family such as ordinary and incomplete moments, generating function, Rényi of entropy, stress strength model, probability weighted moment and order statistics. Certain characterisations of the new family are also introduced. The method of maximum likelihood is used to estimate the model parameters in complete and censored samples. Five real data sets are used to illustrate that some sub-models corresponding to the TOL-G family can give better fit than similar models generated by wellknown families. 
  
A further consequence of the stability property of Theorem 1 is the application of this theorem to special tasks in statistical practice such as the estimation of the parameters of discrete distributions. For such purpose, the functions 1 2 ,and, specially,  should be as simple as possible. Since the function triplet is not uniquely determined it is often possible to choose  as a linear function. Therefore, it is worth analyzing some special cases which helps to find new characterizations reflecting the relationship between individual continuous univariate distributions and appropriate in other areas of statistics.
